Abstract. We introduce the reverse Chvátal-Gomory rank r * (P ) of an integral polyhedron P , defined as the supremum of the Chvátal-Gomory ranks of all rational polyhedra whose integer hull is P . A well-known example in dimension two shows that there exist integral polytopes P with r * (P ) = +∞. We provide a geometric characterization of polyhedra with this property in general dimension, and investigate upper bounds on r * (P ) when this value is finite. We also sketch possible extensions, in particular to the reverse split rank.
Introduction
A polyhedron is integral if it is the convex hull of its integer points. Given an integral polyhedron P ⊆ R n , a relaxation of P is a rational polyhedron Q ⊆ R n such that Q ∩ Z n = P ∩ Z n . Note that if Q is a relaxation of P , then P = conv(Q ∩ Z n ), i.e., P is the integer hull of Q, where we denote the convex hull of a set S by conv(S) (for the definition of convex hull and other standard preliminary notions not given in here, we refer the reader to textbooks, e.g. [9] and [17] ). An inequality cx ≤ δ is a Chvátal-Gomory inequality (CG inequality for short) for a polyhedron Q ⊆ R n if c is an integer vector and cx ≤ δ is valid for Q. Note that cx ≤ δ is a valid inequality for Q ∩ Z n . The CG closure Q of Q is the set of points that satisfy all the CG inequalities for Q. If Q is a rational polyhedron, then Q is again a rational polyhedron [16] 
The minimum p for which this occurs is called the CG rank of Q and is denoted by r(Q).
Cutting plane procedures in general and CG inequalities in particular are of crucial importance to the integer programming community, because of their convergence properties (see e.g. [8, 17] ) and relevance in practical applications (see e.g. [10] ). Hence, a theoretical understanding of their features has been the goal of several papers from the literature. Many of them aimed at giving upper or lower bounds on the CG rank for some families of polyhedra. For instance, Bockmayr et al. [4] proved that the CG rank of a polytope Q ⊆ [0, 1] n is at most O(n 3 log n). The bound was later improved to O(n 2 log n) by Eisenbrand and Schulz [7] . Recently, Rothvoß and Sanità [15] , improving over earlier results of Eisenbrand and Schulz [7] and Pokutta and Stauffer [14] , showed that this bound is almost tight, as there are polytopes in the unit cube whose CG rank is at least Ω(n 2 ). An upper bound on the CG rank for polytopes contained in the cube [0, ] n for an arbitrary given was provided by Li [12] . Recently, Averkov et al.
[1] studied the rate of convergence -in terms of number of CG closuresof the affine hull of a rational polyhedron to the affine hull of its integer hull.
Our Contribution. In this paper we investigate a question that is, in a sense, reverse to that of giving bounds on the CG rank for a fixed polyhedron Q. In fact, in most applications, even if we do not have a complete linear description of the integer hull P , we know many of its properties: for instance, the integer points of most polyhedra stemming from combinatorial optimization problems have 0-1 coordinates. Hence, for a fixed integral polyhedron P , we may want to know how "bad" a relaxation of P can be in terms of its CG rank. More formally, we want to answer the following question: given an integral polyhedron P , what is the supremum of r(Q) over all rational polyhedra Q whose integer hull is P ? We call this number the reverse CG rank of P and denote it by r * (P ):
Note that r * (P ) < +∞ if and only if there exists p ∈ N such that r(Q) ≤ p for every relaxation Q of P . Our main result gives a geometric characterization of those integral polyhedra P for which r * (P ) = +∞. Denoting by rec(P ) the recession cone of P , by v the line generated by a non-zero vector v, and by + the Minkowski sum of two sets, we prove the following: Theorem 1. Let P ⊆ R n be an integral polyhedron. Then r * (P ) = +∞ if and only if P is non-empty and there exists v ∈ Z n \ rec(P ) such that P + v does not contain any integer point in its relative interior.
Let us illustrate Theorem 1 with an example in dimension two. Let P = conv{(0, 0), (0, 1)}, and consider the family {Q t } t∈N of relaxations of P , where we define Q t = conv{(0, 0), (0, 1), (t, 1/2)}. It is folklore that the CG rank of Q t increases linearly with t (see Figure 1 ). This implies that r * (P ) = +∞. Note that if one chooses v = (1, 0), then P + v does not contain any integer point in its (relative) interior. A simple application of Theorem 1 shows that the previous example can be generalized to every dimension: any 0-1 polytope P ⊆ R n , n ≥ 2, whose dimension is at least 1, has infinite reverse CG rank, since there always exists a vector v parallel to one of the axis such that P + v does not contain any integer point in its relative interior. On the other hand, every integral polyhedron containing an integer point in its relative interior has finite reverse CG rank,
